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RESTRICTIONS ON ROTATION SETS FOR COMMUTING
TORUS HOMEOMORPHISMS
DEISSY M. S. CASTELBLANCO
Abstract. Let K1, K2 ⊂ R2 be two convex, compact sets. We would like
to know if there are commuting torus homeomorphisms f and h homotopic
to the identity, with lifts f˜ and h˜, such that K1 and K2 are their rotation
sets, respectively. In this work, we proof some cases where it cannot happen,
assuming some restrictions on rotation sets.
1. Introduction
In a landmark paper [11], Miziurewicz and Zieman have introduced the concept
of rotation sets for torus homeomorphisms in the isotopy class of the identity. This
concept generalizes the notion of rotation number of circle homeomorphisms defined
by H. Poincare´, and has proven to be a very effective tool in describing behaviour of
toral dynamics. For instance, the analysis of the rotation sets can supply informa-
tion on the abundance of periodic points [6], the topological entropy of the map [10]
and sensitive dependence on initial conditions [9]. We define rotation sets properly
on section 2.3 but, in a nutshell, the rotation set of a torus homeomorphisms is the
convex closure of all rotation vectors for individual points, that is,
ρ(f˜ , x˜) = lim
n→∞
f˜n(x˜)− x˜
n
,
when such limit exists.
This study of the rotation theory, while it has seen significant advances in the
last decade, still has left several relevant open questions, and the most relevant is
probably to characterize the possible rotation sets for torus homeomorphisms. Up
until very recently, it was not known if there existed a convex compact set that
was not the rotation set of some torus homeomorphism, but the first example of
such sets appeared in [4]. The standing conjecture on the subject, proposed by
Franks and Misiurewicz on [7], poses that the following convex sets could not be
the rotation sets of torus homeomorphisms.
i A segment of a line with irrational slope that contains a rational point in
its interior.
ii A segment of a line with irrational slope without rational points.
iii A segment of a line with rational slope without rational points.
In [4], the authors showed that the conjecture is true in case i, but A. Avila has
announced a construction for a torus homeomorphism whose rotation set lies in the
class ii above. It is still not know if the unit circle can be realized as rotation set.
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A very recent and relevant work on the subject, [3] exhibits a one parameter family
of torus homeomorphisms and study the corresponding family of rotation sets.
In this work we attempt to analyse possible connections between the study of
group actions and the rotation theory for torus homeomorphisms. In particular, we
were interested in determining, given a pair of commuting torus homeomorphisms, if
there was some relationship between the respective rotation sets. The first question
we tackled was to see if given compact convex setsK1 andK2 such that eachKi was
a rotation set for a torus homeomorphism, could we also find a pair of commuting
homeomorphisms fi such that Ki was their respective rotation set? Our first result
shows that this is not true in general. Specifically, we show that:
Theorem A. If ρ(f˜) is a segment J with rational slope containing rational points
and ρ(h˜) is whatever following cases:
(1) It has nonempty interior.
(2) It is any nontrivial segment nonparallel to J .
Then, f˜ and h˜ do not commute.
The techniques developed for Theorem A actually gives us a stronger result.
It concerns the rigidity of torus homeomorphisms as described by their deviations
that is,
Desv(f˜) = sup
n∈Z
x,y∈R2
∥∥∥(f˜n(x)− x) − (f˜n(y)− y)∥∥∥ .
If v ∈ R2∗, we define deviation of f˜ in the direction v, by
Desvv(f˜) = sup
n∈Z
x,y∈R2
∣∣∣Prv [(f˜n(x)− x) − (f˜n(y)− y)]∣∣∣ .
If deviation of f˜ is unbounded, we will write Desvv(f˜) =∞.
We said f is annular, if some lift f˜ : R2 → R2 of f has uniformly bounded
displacement in a rational direction; that is, there are v ∈ Z2∗ and M > 0 such that∣∣∣〈f˜n(x) − x, v〉∣∣∣ 6 M,
for every x ∈ R2 and n ∈ Z. In that case we said f˜ is v⊥-annular.
The technical result shows that in some cases, if f and g are commuting homeo-
morphisms, then if f has deviation restrictions g must also has deviation restric-
tions.
Theorem B. Let f, h ∈ Homeo0(T2) commute and let f˜ , h˜ be respective lifts. If f˜
is v-annular, for some v ∈ Z2∗, then Desvv⊥(h˜) <∞ or Desv(f˜) <∞.
A previous version of Theorem B for area preserving homeomorphisms was ob-
tained by Benayon in his doctoral thesis [2].
The paper is organized as follows: The next section formally introduces all the
relevant objects and describes the necessary tools, and section 3 is devoted to the
proofs of the main results.
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2. Preliminaries
2.1. Notations. We will denote N∗, Z∗ and R∗ the naturals, integers and reals
numbers without zero, respectively. We denote the two-dimensional torus T2 =
R2/Z2. Let Homeo0(T
2) be the space of homeomorphisms homotopic to the identity
of T2, f ∈ Homeo0(T2), f˜ : R2 → R2 be any lift of f and π : T2 → R2 the canonical
projection.
We also denote by 〈 , 〉 the usual scalar product in R2, Prv : R2 → R the orthog-
onal projection given by
Prv(x) =
〈x, v〉
‖v‖
.
We shall denote in R2 the integer translations T1(z) = z + (1, 0) and T2(z) =
z + (0, 1), and the projections Pr1(x, y) = x and Pr2(x, y) = y. If v = (a, b) ∈ R2,
we write v⊥ = (−b, a).
We write Conv(A) for the hull convex of A.
2.2. Atkinson’s Lemma. Another result that will be useful in the next section is
Atkinson’s Lemma on ergodic theory. See [1].
Proposition 2.1. Let (X,B, µ) be a probability space and let T : X → X be an
ergodic automorphism. Consider φ : X → R an integrable map such that
∫
φdµ = 0,
then for every B ∈ B and every ǫ > 0,
µ
(⋃
n∈N
B ∩ T−n(B) ∩
{
x ∈ X :
∣∣∣∣∣
n−1∑
i=0
φ(T i(x))
∣∣∣∣∣ < ǫ
})
= µ(B).
Corollary 2.2. Let X be a separable metric space, f : X → X be a homeomorphism
and µ an f -invariant ergodic nonatomic Borel probability measure. If φ ∈ L1(µ) is
such that
∫
φdµ = 0, then for µ-a.e. x ∈ X, there is an increasing sequence (ni)i∈N
of integers such that
fni(x)→ x and
ni−1∑
k=0
(φ1 ◦ f
k)(x)→ 0, as i→∞.
2.3. Rotation theory. From now on, let f ∈ Homeo0(T2) and let f˜ : R2 → R2
be any lift of f .
The following definitions were introduced by Misiurewics and Ziemian in [11].
Definition 2.3. Let x ∈ T2. If
(1) lim
n→∞
f˜n(x˜)− x˜
n
exist, for some x˜ ∈ π−1(x), then the limit (1) is denoted by ρ(f˜ , x) and call the
rotation vector of x by f˜ .
Definition 2.4. The point-wise rotation set of f˜ is:
ρp(f˜) =
⋃
x∈T2
ρ(f˜ , x)
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Definition 2.5. The rotation set of f˜ , denoted by ρ(f˜), is the set of points v ∈ R2,
such that there exist sequences (ni) ∈ Z and (xi) ∈ R2 with ni →∞ as i→∞, and
lim
i→∞
f˜ni(xi)− xi
ni
= v.
Let φ : T2 → R2 be the displacement function defined by φ(x) = f˜(x˜)− x˜, where
x˜ ∈ π−1(x) and π : R2 → T2 is the natural projection.
Denote the space of all f -invariant probability measures on T2 byM(f) and the
subset of ergodic measures by Me(f).
Definition 2.6. If µ ∈ M(f), define its rotation vector by ρ(µ, f) =
∫
φ dµ. Also
the sets
ρm(f˜) =
{
ρ(µ, f˜);µ ∈ M(f)
}
and
ρe(f˜) =
{
ρ(µ, f˜);µ ∈ Me(f)
}
.
Proposition 2.7. If µ ∈Me(f), then ρ(µ, f˜) = ρ(f˜ , x), for µ-a.e. x ∈ T2.
Proof. If µ ∈Me(f), by the ergodic theorem follows that µ-a.e. x ∈ T 2,
lim
n→∞
1
n
n−1∑
k=0
φ ◦ fk(x) =
∫
φ dµ.
Therefore for µ-a.e. x ∈ T2 and every x˜ ∈ π−1(x),
ρ(f˜ , x) = lim
n→∞
f˜n(x˜)− x˜
n
= ρ(µ, f).
♦
Theorem 2.8 ([11]). It holds
ρ(f˜) = Conv(ρp(f˜)) = Conv(ρe(f˜)) = ρm(f˜).
2.4. Bounded deviation. In this part we study the relationship between devia-
tion and rotation set concepts.
Lemma 2.9. If Desvu(f˜) is bounded, for some u ∈ R2∗, then there is a ∈ R such
that, Pru(ρ(f˜)) = {a}.
In that case, ρ(f˜) ⊂ L(u⊥, a) :=
{
tu⊥ + au; t ∈ R
}
.
Proof. From definition there is M > 0, such that for all x, y ∈ R2 and n ∈ Z,
(2)
∣∣∣Pru [(f˜n(x) − x)− (f˜n(y)− y)]∣∣∣ 6 M.
Set p = ρ(f˜ , x0) for some x0 ∈ T2, which exist since Me(f) is not empty, with
Pru(p) = a ∈ R. By (2) follows that
lim
n→∞
Pru
f˜n(y)− y
n
= a,
for every y ∈ R2. Therefore {a} = Pru(ρp(f˜)) = Pru(ρ(f˜)). ♦
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Remark 2.10. It is an elementary exercise to show that if f˜ is v-annular, for
some v ∈ Z2∗, then ρ(f˜) ⊂ L(v, a) :=
{
tv + av⊥; t ∈ R
}
.
The following result shows that the converse to Remark 2.10 is true in several
case.
Theorem 2.11 ([5]). If ρ(f˜) is a segment with rational slope containing rational
points, then fk is annular, for some k ∈ N.
Proposition 2.12. If ρ(h˜) is a nontrivial segment, contained in the straight line
L(w, b) =
{
tw + bw⊥; t ∈ R
}
,
where b = Prw⊥(ρ(h˜)) and w ∈ R
2, then Desvv⊥(h˜) is unbounded, for every v ∈ R
2
nonparallel to w.
Proof. Suppose by contradiction that there is M > 0 such that, Desvv⊥(h˜) 6 M .
We know because of the Lemma 2.9, that ρ(h˜) is a subset of
L(v, a) =
{
tv + av⊥; t ∈ R
}
,
where a = Prv⊥(p), for every p ∈ ρ(h˜). So ρ(h˜) ⊂ [L(v, a) ∩ L(w, b)]. As v and w
are not parallels, we can deduce that ρ(h˜) = {p}. Absurd! ♦
2.5. Annularity and commuting homeomorphisms. Let f, h ∈ Homeo0(T2)
commute. In [12] was shown there exist lifts of f and h that also commute. Let
f˜ , h˜ be respective commuting lifts.
The next lemma is contained in ([2], Proposition 3.1). We include the proof here
for the sake of completeness.
Lemma 2.13. If f˜ is (0, 1)-annular and Desv(0,1)⊥(h˜) is unbounded then there
exist a set E, such that
i.) The set E is open, f˜ -invariant and T2(E) = E.
ii.) The connected components of E have uniformly bounded diameter.
iii.) For every z ∈ R2, there is u ∈ Z2 such that (z+u) ∈ E, that is, π(E) = T2.
Proof. i.) Denote by
H =
{
(x, y) ∈ R2; x > 0
}
.
the closed half plane. And define the set
B =
⋃
n∈Z
f˜n(H).
Then, f˜(B) = B and T2(B) = B. Since f˜ is (0, 1)-annular there is M > 0 such
that for every z ∈ R2, ∣∣∣Pr1[f˜n(z)− z]∣∣∣ 6 M.
Thus,
B ⊂
{
(x, y) ∈ R2; x > −M
}
.
Denote by ∆ = supz∈R2
∥∥∥f˜(z)− z∥∥∥ and A′ = B \ [T k1 (int(B))] , where k >
2M +∆+ 1. Note that f˜(A′) = A′.
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Hence the set
A′′ =
{
(x, y) ∈ R2; M 6 x 6 M +∆+ 1
}
⊂ A′.
Let A be a connected component of A′, such that A′′ ⊂ A. We can see that
f˜(A) ∩ A 6= ∅, thus f˜(A) = A. Furthermore T2(A) = A, diam (Pr1(A)) 6 k + 2M
and (T2◦h˜n)(A) = h˜n(A), for every n ∈ Z.
Consider l ∈ N with l > 2(k + 2M + 1) such that the set,
F =
{
(x, y) ∈ R2; k +M 6 x 6 l −M
}
,
satisfies diam (Pr1(F )) > k + 2M + 2.
We can deduce,
diam [Pr1(B \ int(T
l+k
1 (B)))] 6 l + k + 2M.
Therefore,
diam [Pr1(B \ int(T
2l+k
1 (B)))] 6 2(l+ k + 2M).
Since, Desv(1,0)(h˜) is unbounded, there are z1, z2 ∈ R
2 and n ∈ Z such that,∣∣∣Pr1[(h˜n(z1)− z1)− (h˜n(z2)− z2)]∣∣∣ > 2(l+ k + 2M).
As diam (Pr1(A)) 6 k + 2M , we have in particular that if z1, z2 ∈ A then,∣∣∣Pr1[h˜n(z1)− h˜n(z2)]∣∣∣ > 2l + k + 2M.
So we may suppose h˜n(z1) ∈ A and h˜
n(z2) ∈ T
l
1(A), replacing h˜
n by h˜n + T j1 ,
for some j ∈ Z, if necessary.
We define,
E = [T k1 (int(B)) \ T
l
1(B)] \ h˜
n(A).
We can see that E is open, f˜ -invariant and T2(E) = E, because B and h˜
n(A) are.
ii.) We most show that there exist M0 > 0 such that, diam(U) 6 M0, being U
any connected component of E.
Since E is contained in T k1 (int(B)) \ T
l
1(B), we deduce that
diam (Pr1(E)) 6 (l +M)− (k −M) = M1.
Let γ : [0, 1] → R2 be a path contained in h˜n(A), from A to T l1(A). As (T
j
2 ◦
h˜n)(A) = h˜n(A), for every n, j ∈ Z, so the path T j2 (γ) is also contained in h˜
n(A),
for every j ∈ Z, from A to T l1(A). But γ is compact, so there exists a, b ∈ R such
that a 6 Pr2(z) 6 b, for every z ∈ γ. Then, for any connected component U of E,
diam(Pr2(U)) 6 |b− a+ 1|.
Thus, set M2 = |b− a+ 1| and M0 =
√
M21 +M
2
2 .
iii.) Let us see that for every z ∈ R2, there exist u ∈ Z2 such that z + u ∈ E.
Suppose by contradiction that there exist z ∈ R2 such that (z + Z2) ∩ E = ∅.
But there is u ∈ Z2 such that w = z+u ∈ F , so w ∈ h˜n(A). Since diam(Pr1(F )) >
k+2M+2, we can choose u such that T j1 (w) ∈ (F∩h˜
n(A)), for j = 0, . . . , k+2M+1.
Then h˜−n(T j1 (w)) ∈ A, are k + 2M + 2 translate of a point in A. It contradicts
that diam(Pr1(A)) 6 k + 2M .
♦
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2.6. An auxiliary result. Next lemma can be found in [8].
Lemma 2.14. Let f ∈ Homeo0(T2), A ∈ SL(2,Z) and h ∈ Homeo(T2) isotopic to
fA. Let f˜ and h˜ be respective lifts. Then
ρ(h˜f˜ h˜−1) = Aρ(f˜).
In particular, ρ(A˜f˜A˜−1) = Aρ(f˜).
Remark 2.15. If f˜ is v-annular, for some v ∈ Z2∗, then there exist some home-
omorphism conjugated to f˜ that is (0, 1)-annular. In fact, given v = (q, p) ∈ Z2,
there exist integers a, b, such that pa+ qb = 1. Consider the matrix
A =
[
p −q
b a
]
.
Hence det(A) = 1, but A · (q, p) = (0, 1), so Lema 2.14 shows that Af˜A−1 is
(0, 1)-annular.
3. Theorems A and B
3.1. Noncommuting homeomorphisms. Let us show how Theorem A follows
from Theorem B.
Theorem A. If ρ(f˜) is a segment J with rational slope containing rational points
and ρ(h˜) is whatever following cases:
(1) It has nonempty interior.
(2) It is any nontrivial segment nonparallel to J .
Then, f˜ and h˜ do not commute.
Proof. Suppose by contradiction that f˜ and h˜ commute. By Theorem 2.11 there is
k ∈ N such that f˜k is annular. Denote g˜ = f˜k, so g˜ and h˜ commute and suppose
that g˜ is v-annular, for some v ∈ Z2∗.
We claim that whatever cases (1) or (2) above for ρ(h˜), Desvv⊥(h˜) is unbounded.
In fact, the first case follows from Lemma 2.9 and the second holds applied Propo-
sition 2.12.
Hence, the Theorem B implies Desv(g˜) <∞. Therefore, g˜ is a pseudo-rotation.
It yields a contradiction because ρ(f˜) is a nontrivial segment. ♦
3.2. Theorem B. From now on let f, h ∈ Homeo0(T2) commute and let f˜ , h˜ be
respective commuting lifts.
In the proof of next proposition, we denote by L = {t(0, 1); t ∈ R}.
Proposition 3.1. If f˜ is (0, 1)-annular then Desv(1,0)(h˜) <∞ or Desv(f˜) <∞.
Proof. Suppose that Desv(1,0)(h˜) is unbounded. Then there is a set E with the
properties in Lemma 2.13.
Since the connected components of E have uniformly bounded diameter, we can
considerM0 > 0 such that for every connected component U of E, diam (U) < M0.
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Claim 1. There exist n ∈ Z+, m ∈ Z and U a connected component of E, such
that ∥∥∥f˜kn(x)− x− k(0,m)∥∥∥ 6 M0,
for all k ∈ N and every x ∈ U .
Indeed, because of the Remark 2.10, we may suppose that ρ(f˜) ⊂ L, that is,
ρ(f˜) = {0} × [a, b], with a 6 b, for a, b ∈ R.
Since (0, a) is an extremal point of ρ(f˜), from Theorem 2.8 there exist µ ∈ Me(f)
such that for µ-a.e x ∈ T2,
ρ(µ, f) =
∫
φ dµ = (0, a),
where φ : T2 → R2 is the displacement function defined by φ(x) = f˜(x˜) − x˜ for
x˜ ∈ π−1(x). Then, follows from Proposition 2.7, that for µ-a.e x ∈ T2 and every
x˜ ∈ π−1(x),
lim
n→∞
f˜n(x˜)− x˜
n
= (0, a).
Consider the first projection Pr1 : R
2 → R and the function φ1 : T2 → R, defined
by φ1(x) = Pr1(φ)(x).
Hence, ∫
φ1 dµ = 0.
By the Atkinson’s Lemma (Corollary 2.2), applied to the function φ1, we have
that for µ-a.e x ∈ T2, there is an increasing sequence of positive integers (ni)i∈N,
such that
fni(x)→ x and
ni−1∑
i=0
(φ1 ◦ f
k)(x)→ 0, as i→∞.
That is, for µ-a.e x ∈ T2 and x˜ ∈ π−1(x),
(3) Pr1[f˜
ni(x˜)− x˜]→ 0, as i→∞.
Let x ∈ T 2 satisfying (3) and x˜ = π−1(x), by property iii.) of E, there is u ∈ Z2
such that x˜ + u = w ∈ U , for some connected component U of E. Hence, there
are sequences (ni)i∈N ∈ Z+ and (mi)i∈N ∈ Z, such that f˜ni(w) − Tmiv (w) → 0, as
i→∞.
As U is open set, let ǫ > 0 be such that Bǫ(w) ⊂ U . Then there is i0 ∈ N such
that for all i > i0, f˜
ni(w) ∈ Tmiv (Bǫ(w)) ⊂ T
mi
v (U). In particular, for some m ∈ Z,
there is n ∈ Z+ such that f˜n(U)∩ Tmv (U) 6= ∅. By property i.) of E, we have that
Tmv (U) is also a connected component of E, for every m ∈ Z. But E is invariant
under f˜ , so f˜ permutes connected components of E. Therefore f˜n(U) = Tmv (U).
By induction, we have that f˜kn(U) = T kmv (U), for every k ∈ N.
Since M0 > diam(U) then,∥∥∥f˜kn(x)− x− k(0,m)∥∥∥ 6 M0, for every x ∈ U and k ∈ N,
concluding the proof of the Claim 1.
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Now consider D an integer translate of [0, 1]2 containing w.
We claim that there exist a finite open cover C =
⋃s
j=1 {Uj} for D, where every
Uj is connected and for some uj ∈ Z2, Uj + uj is a connected component of E.
In fact, by property iii.) of E, it follows that for every point y ∈ D, there is
u∗ ∈ Z2, such that (y + u∗) ∈ U∗y , for some connected component U
∗
y of E.
Denote U ′ = U∗y −u∗ and C
′ =
⋃
y∈D
{
U ′y
}
. By properties of E, the set C′ is an
open cover for D such that every U ′+u∗ is a connected component of E. Moreover,
C′ contains the set U = U∗w. Since D is compact, there is a finite subcover for D,
denote by
C =
s⋃
j=1
{Uj} , where {Uj} ⊂ C
′, for every j = 1, . . . , s,
as claimed.
Set U∗j = Uj + uj for some uj ∈ Z
2. So we have f˜n(Uj) = f˜
n(U∗j ) − uj is an
integer translate of any connected component of E, for every n ∈ Z, because f˜
permutes connected components of E. By property ii.) of E, diam(f˜n(Uj)) < M0,
for every n ∈ Z and j = 1, . . . , s.
We may assume {U1} = {U} ⊂ C, where U is the open set of Claim 1 (otherwise
consider a finite cover {U} ∪ C). Since D is connected, without lost of generality,
we may list the open sets Uj, j = 1, . . . , s of C, such that
(4) Uj ∩

 ⋃
16l<j
Ul

 6= ∅, for every j = 2, . . . , s.
Claim 2. There exists M > 0 and p ∈ Q2 such that,
∥∥∥f˜k(y)− y − kp∥∥∥ 6 M, for
every y ∈ D and k ∈ N.
To proof this claim let us first show by induction that
(5)
∥∥∥f˜kn(y)− y − k(0,m)∥∥∥ 6 (2j − 1)M0,
for every y ∈ Uj , j = 1, . . . , s, and k ∈ N, where n and m are like Claim 1.
i. The case j = 1 is Claim 1.
ii. Suppose it holds for every Ul, with 1 6 l 6 j, and let us see the case j + 1:
By (4), we have Uj+1 ∩ Ul 6= ∅, for some Ul with 1 6 l 6 j. Then,
f˜n(Uj+1)∩ f˜n(Ul) 6= ∅. By induction we see that, f˜kn(Uj+1)∩ f˜kn(Ul) 6= ∅,
for every k ∈ N.
Since diam(f˜n(Uj)) < M0, for every n ∈ Z and j = 1, . . . , s, then for
every y ∈ Uj+1, k ∈ N and some x ∈ Uj+1 ∩ Ul, we have∥∥∥f˜kn(y)− y − k(0,m)∥∥∥ 6 ∥∥∥f˜kn(y)− f˜kn(x)∥∥∥+ ∥∥∥f˜kn(x)− x− k(0,m)∥∥∥+ ‖x− y‖
6 M0 + (2l − 1)M0 +M0 6 [2(j + 1)− 1]M0.
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Thus equation (5) holds.
Setting M1 = (2s−1)M0, it follows that
∥∥∥f˜kn(y)− y − k(0,m)∥∥∥ < M1, for every
y ∈ D and k ∈ N .
Denote by p = 1
n
(0,m) ∈ Q2. We know that given k ∈ N, there are t , r ∈ N,
such that k = tn+ r, where 0 6 r 6 n.
Hence, for every y ∈ D and k ∈ N,∥∥∥f˜k(y)− y − kp∥∥∥ = ∥∥∥f˜ tn+r(y)− y − (tn+ r)p∥∥∥
6
∥∥∥f˜ r(f˜ tn(y))− f˜ tn(y)∥∥∥+ ∥∥∥f˜ tn(y)− y − t(0,m)∥∥∥+ ‖rp‖
6 ni sup
z∈R2
∥∥∥f˜(z)− z∥∥∥+M1 + r ‖p‖ = M,
completing the proof of the Claim 2.
Given z ∈ R2, let u ∈ Z2 be such that z + u = y ∈ D.
Thus,
∥∥∥f˜k(z)− z − kp∥∥∥ =∥∥∥f˜k(z + u)− (z + u)− kp∥∥∥ = ∥∥∥f˜k(y)− y − kp∥∥∥ 6 M.
Therefore, given z ∈ R2 and k ∈ N, there exists M > 0 and p ∈ Q2, such that∥∥∥f˜k(z)− z − kp∥∥∥ 6 M.
This implies that Desv(f˜) <∞. ♦
Now let us consider the general case, for every v ∈ Z2∗.
Theorem B. If f˜ is v-annular, for some v ∈ Z2∗, then Desvv⊥(h˜) < ∞ or
Desv(f˜) <∞.
Proof. By Remark 2.15, follows that if f˜ is v-annular then Af˜A−1 is (0, 1)-annular.
In that way the homeomorphisms Af˜A−1 and Ah˜A−1 satisfy hypothesis of Propo-
sition 3.1. ♦
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